The helical flagella that are attached to the cell body of bacteria such as Escherichia coli and Salmonella typhimurium allow the cell to swim in a fluid environment. These flagella are capable of polymorphic transformation in that they take on various helical shapes that differ in helical pitch, radius, and chirality. We present a mathematical model of a single flagellum described by Kirchhoff rod theory that is immersed in a fluid governed by Stokes equations. We perform numerical simulations to demonstrate two mechanisms by which polymorphic transformation can 
I. INTRODUCTION
Single-celled organisms employ a wide range of techniques to swim and maneuver in an aqueous environment [1] [2] [3] [4] . Of the motile organisms, peritrichous bacteria such as Escherichia coli and Salmonella typhimurium utilize rotating flagellar filaments, each of which is connected to a motor through a short flexible hook as illustrated in Fig. 1 [5, 6] . The swimming modes of E. coli or S. typhimurium are characterized by two phases; a run and a tumble [7] .
In the run phase, all of the flagellar motors on the cell spin counter-clockwise (CCW), during which each flagellum is in a left-handed helical shape. The hydrodynamic interactions between the flagella will cause the filaments to bundle together to form a superflagellum which propels the bacterium forward. In the tumble phase, one or more flagellar motors will reverse its motor rotation to spin clockwise (CW) and initiate a transformation that changes the chirality of the helical flagella from left-handed to right-handed. Furthermore, the helical pitch and radius of the flagella changes in sequence from a normal left-handed state to a semi-coiled state (right-handed), then finally to a curly-1 state (right-handed) before going back to the normal form [6] . The ability for the flagella to take on these various states is what is referred to as polymorphism. The right-handed flagella will leave the bundle and cause the cell to change its course of swimming. Eventually, all motors return to CCW rotation, and the cell runs again at full speed. Alternating runs and tumbles are essential in bacterial chemotaxis and allow the cell to move in a favorable direction in response to a spatial gradient of a chemical attractant [6, 8] .
Bistable flagella exhibit coexistence of left-and right-handed helical forms as polymorphic transition is progressed along the filament. Pijper [9] observed polymorphic forms of bacterial flagella in his experiments. Polymorphism was then studied by Asakura [10] where he developed a structural model based on flagellin subunits. Later Calladine [11] proposed a geometric model with 12 helical polymorphic forms of the bacterial flagellum based on the state of 11 protofilaments. Turner et al. [6] visualized the motion of individual flagella in real time in which E. coli cells are fluorescently labelled, and revealed a sequence of polymorphic transformations initiated by a motor reversal. It has been also reported that perturbations in environmental conditions trigger transformations from one polymorphic form to another. Changes in the pH or salt concentration [12, 13] of the solution and the addition of alcohols [14] or certain sugars [15] cause polymorphic transformations. Polymorphic transformations of flagella are also observed in the temperature change in the solution [16] .
Applying mechanical forces or torques to the filament is another way to generate transitions between different helical forms [17, 18] .
Elastic helical flagella are often modeled using Kirchhoff rod theory because the flagellum is a long (∼20 µm) but thin (∼20 nm) structure. Goldstein et al. [19] introduced a Kirchhoff free energy functional with a double-well potential to permit two stable helical configurations.
Darnton and Berg [20] used Kirchhoff rod theory to estimate the bending rigidity of a flagellum and the required force to transition between polymorphic states by fitting the model to force-extension data. This work was then extended by Vogel and Stark [21] who calculated an upper bound on the ratio of torsional and bending rigidities using a nonsmooth double-well energy potential. Later, they showed that a motor-induced torque can alter the energy state of a flagellum of a monotrichous bacterium, and therefore initiate a polymorphic transformation [22] . Recently, Adhyapak and Stark [23] demonstrated that the ground state energies of a Kirchhoff free energy function influence the dynamics of a rotating flagellum undergoing polymorphic transformation. There are other approaches to model polymorphic transformations of an elastic filament besides Kirchhoff rod theory, such as the work by Gebremichael et al. [24] who described the filament using a network of springs coupled to a smooth-particle hydrodynamic model. Moreover, their model includes the 11-protofilament structure of a real flagellum. They investigated the flow field and propulsive dynamics generated by a rotating flagellum and the influence of the aqueous environment on filament deformations. However, the smooth-particle hydrodynamic model utilizes an artificial viscosity and thus direct comparisons to theoretical and experimental work cannot be made. Wada and Netz [25] discretized the elastic filament with a sequence of spherical beads combined with a Kirchhoff-type free energy. Each bead has a "spin" variable to keep track of its local polymorphic state. They performed Monte Carlo simulations showing polymorphic transformations due to an external force pulling on the filament.
To incorporate hydrodynamic effects in cellular locomotion, resistive-force theory has been used to approximate the local drag on a short segment of the filament due to the fluid [26, 27] .
However, this theory does not accurately resolve the fluid flow resulting from the flagellum [28, 29] . For a more accurate description of the fluid dynamics, slender-body theory [30] [31] [32] [33] employs a superposition of stokeslets along the centerline of a rigid filament.
A similar approach is to use regularized stokeslets [34, 35] which yields a similar result to slender-body theory for rigid helices [36] , but can be extended to elastic filaments [34] . Recent studies have used full three-dimensional numerical computations of the Navier-Stokes equations in an immersed boundary framework to capture the two-way fluid-structure interaction between the filament and the aqueous environment [37, 38] . In particular, Lim and Peskin [38] incorporated the Kirchhoff rod theory to describe the flagellar dynamics of a pair of monostable helical filaments interacting with the surrounding viscous fluid. Large-scale physical models have also been developed to study hydrodynamic interactions of rotating helices. Kim et al. [39, 40] constructed a macroscopic model demonstrating that flagellar bundling depends on the direction of motor rotation and the chirality of the helical filaments.
More recently, Rodenborn et al. [36] used rigid metal helices attached to a stepper motor to test various hydrodynamic theories.
In this paper, we present a fluid-structure interaction model that describes a single helical flagellum capable of polymorphic transformations in a viscous fluid. The elastic energy functional for the helical flagellum includes a double-well potential in the twist energy that allows two stable helical configurations with opposite chirality [19] . The structural properties of the flagellum are described by the Kirchhoff rod theory and the surrounding fluid is governed by the Stokes equations. In this work we focus on two mechanisms by which a bacterial flagellum undergoes transformation. The first mechanism to switch helical shapes is by reversing the motor rotation which has been observed in experiments [6, 18] and occurs during the tumble swimming phase. The other means of polymorphic transformation that we consider is motivated by Hotani's experiments [17] in which a filament anchored at one end is subject to a viscous fluid flow. Hotani observed that a sufficiently high flow velocity using a methylcellulose solution can produce periodic transformations in a S. typhimurium filament. Goldstein et al. [19] and Coombs et al. [41] examined the dynamics in 
which simplifies the hydrodynamic forces acting on the filament, our model incorporates fluid-structure interaction. The detailed flagellar dynamics in a viscous fluid will be discussed in both mechanisms. Our simulation results will be compared to experimental and theoretical data, which may provide physical insight into the mechanisms of polymorphic transformations.
II. MATHEMATICAL MODEL
We consider a model of a single helical flagellum immersed in a viscous fluid. The flagellar filament is described by Kirchhoff rod theory in which we assume that the flagellum is a long thin rod and that stresses are applied to each cross-section along the filament. The configuration and orientation of the flagellum is determined by its centerline X(s, t) and Fig. 2) , where s is a Lagrangian parameter with 0 ≤ s ≤ L, t is time, and L is the contour length of the filament. The shape of the flagellum at rest can be defined by the minimum of the energy functional [19, 38] :
The first two energy terms are defined by
Here, a 1 and a 2 are bending moduli, a 3 is the twist modulus, γ is the twist-gradient coefficient, and Ω i = , and τ 1 and τ 2 determine the intrinsic twist (or torsion). The intrinsic strain vector (κ 1 , κ 2 , τ ) (where τ = τ 1 or τ = τ 2 ) determines the equilibrium shape of the helical filament characterized by the radius R and pitch P
In general, the values of κ 1 , κ 2 , τ 1 , and τ 2 need not be constant along the flagellum. The last two terms in Eq.
(1) describe how the filament resists shearing and stretching as follows:
where b 1 and b 2 are shear force constants and b 3 is the stretch force constant.
Let f (s, t) and n(s, t) be the applied force and moment densities acting on the rod, respectively, and let F (s, t) and N (s, t) be the internal force and moment transmitted across a section of the filament, respectively. The balance equations for the momentum and angular momentum are then described as follows:
where 
where δ 3i is the Kronecker delta. The above relations can be derived by taking variational derivatives of the energy functionals given by Eqs. (2)- (3) and Eqs. (6)-(7) (see Appendix in [42] ).
Bacterial motility involves very small length scales (20 µm or smaller) so we assume that the fluid is governed by the Stokes equations [43, 44] :
Here, u(x, t) is the fluid velocity, p(x, t) is the fluid pressure, µ is fluid viscosity, and g(x, t)
is the body force in which the force and torque exerted by the rod are applied to the fluid through a smoothed delta function δ c (x) with unbounded support
where
The regularization parameter c controls how the force is distributed on the fluid near the filament, as shown in Fig. 3 for various values of c. This function is a widely used choice
for the regularized delta function [34, 44, 45] due to its simplicity in deriving an analytical formula for the fluid velocity, while satisfying δ c (x) dx = 1 and the first moment condition
In the limit c → 0, the Dirac delta function is recovered. The linear and angular velocities at the filament are computed using regularized stokeslets and rotlets [43, 44] , and the filament evolves according to
where w(x, t) = is the filament grid size and i is the index for the material points. From the regularized point forces and point torques given in Eq. (16), we use the fundamental solutions to find the regularized stokeslet u S , rotlet u R , and dipole u D . The velocity and angular velocity can then be computed by
and
respectively, after which the new position of the flagellum and the orientation of the directional triad can be found by Eqs. (18) and (19) . More details of the numerical method can be found in [44] .
In our simulations, the filament at s = 0 is fixed in space and the flagellum is initialized 
where we choose k = 2 µm −2 , so that the helical axis is aligned with the fixed point. Table I lists the physical and computational parameters used in our simulations. These values pertain to E. coli and S. typhimurium and are taken from the experimental literature [5] [6] [7] and other modeling studies of bacterial flagella [38] .
III. RESULTS AND DISCUSSION
A. Motor-driven polymorphic transformation of a single flagellum
We present numerical simulations of a single flagellum that is driven by a rotary motor. At s = 0, we fix the point on the filament to act as the motor that is capable of rotating CW or CCW with a prescribed angular frequency ω. The directional triad at s = 0 is initially set to
and rotates about the axis of the helical filament according to
for i = 1, 2, 3, where Q is a rotation matrix defined by
where t 2 ≥ t 1 . The motor spins CCW if ω > 0 and CW if ω < 0. We then reverse the motor at a later time t 0 so that
for t > t 0 and i = 1, 2, 3. Although experiments show that a bacterial motor rotates CW and CCW asymmetrically [47] , in this work we assume the motor rotates CW and CCW at the same rate for simplicity.
The filament is attached to the motor through a flexible hook which is also governed by the Kirchhoff rod theory. The length of a hook for an E. coli bacterium ranges from 50 to 80 nm [48] [49] [50] . In our simulations, we simply choose the hook length to be 2∆s = 60 nm.
The hook is known to be much more flexible than the filament, hence we take its bending modulus to be two orders of magnitude smaller than that of the filament. We assume that the hook is intrinsically straight (τ = 0, κ = 0), however, as the name suggests, the hook is actually highly curved [48, 50] . We have performed simulations of a rotating flagellum with curved hooks (data not shown) and we found that the hook curvature has little effect on the dynamics of a motor-driven flagellum. in opposing directions [38] .
As the kink in the filament propagates from the motor to the free-end, the helical axes of the left-and right-handed form a block angle at the point of transition as illustrated in Fig. 5(a) . This block angle α is found theoretically [19] by
where θ 1 and θ 2 are the pitch angles of the helix that is formed near the point of transition. The pitch angle is estimated by [11] where i = 1, 2. Here R 1 and P 1 are the apparent pitch and radius of the helix below the kink and, similarly, R 2 and P 2 are the helical properties above the kink. Fig. 5(b) plots the block angles that are estimated in our simulations along with experimental measurements by Hotani [52] which shows that our simulations are in good agreement with block angles observed in experiments. the filament with a hook buckles at higher viscosity. We also examine the effect of the regularization parameter c on filament dynamics for c ∈ [2∆s, 6∆s], and for the same range of rotation frequencies and fluid viscosities as in Fig. 6 . We find that decreasing the value of c will slightly increase the kink propagation speed (see Appendix), however the qualitative behavior of the filament does not change.
Next we perform simulations of a filament with various helical properties as it is known that flagella can attain various helical shapes [11] . In Fig. 7 , we plot the mean fluid flux that is driven by a rotating helical filament at 100 Hz for various helical pitches and radii.
The markers denote normal, semi-coiled, curly-1, and curly-2 helical shapes. The fluid flux depends more strongly on the helical radius than the helical pitch. Moreover, the semi-coiled shape has the highest fluid flux among the four common states. The markers on the left panel denote the mean flux for four helical shapes commonly observed in nature [11, 17] which are shown on the right.
B. Dynamics of a single flagellum in a steady viscous flow
In this section, we investigate the dynamics of a flagellum that is subject to a steady fluid flow. This is motivated by the experiments performed by Hotani [17] wherein a single flagellum derived from S. typhimurium attaches at one end to a glass surface and is subject to a viscous fluid flow. Note that this flagellum has no motor, and also has no hook. The steady flow generates a hydrodynamic torque on the filament and produces polymorphic transformations that propagate along the filament from the anchored end towards the free end. Hotani used a methylcellulose (400 cps) solution to apply a fluid flow and found that polymorphic transformation occurred when fluid speed was 6 to 8 µm/s.
In our simulations, the flagellum (without a hook) is clamped at its motor end so that the triad at the motor end is unable to rotate. To include the background fluid flow, we simply add on the desired velocity u 0 onto our computed velocity field. free-end of the filament rotates CCW (blue arrow). However, the portion of the filament below the kink tends to remain nearly stationary. As the first kink nears the free-end, a new transformation occurs at the fixed-end and the filament rotates CW (red arrow). As the filament transforms from right-handed to left-handed, the filament rotates much faster than during the first transformation. This asymmetry is caused by the two different values of the intrinsic twist, i.e., τ 1 = −2.1472 µm −1 for the left-handed helix and τ 2 = 1.4310 µm −1 for the right-handed helix. When τ 1 = −τ 2 , the rotational speeds during chiral transformations are the same (data not shown).
The simulations based on Hotani's experiment can be further analyzed by evaluating torsion Ω 3 . Fig. 9 compares the torsion along the filament over time (left column) and its projection (right column) for two cases. The top panels illustrate a symmetric case with τ 1 = −2.1472 µm −1 and τ 2 = 2.1472 µm −1 , and the bottom panels illustrate an asymmetric Hotani found in his experiment that no transformations occurred when the flow velocity was lowered to 1 µm/s [17] . In our simulations. we learn that there is a minimum flow velocity at which polymorphic transformation occurs and that it is inversely proportional to fluid viscosity, as shown in Fig. 10(a) . In the case of water, the filament reaches an equilibrium configuration when the flow speed is less than 1425 µm/s. For methylcellulose (µ = 4 × 10 −4 g/(µm · s)), polymorphic transformation occurs when the flow speed is 4 µm/s or higher which is in good agreement with Hotani's experiment (we use the viscosity for Hotani's stock solution, since the exact viscosity of the diluted methylcellulose solution is not known).
Furthermore, Hotani showed that chirality change is primarily caused by periodic changes in torque at the fixed end, rather than tension. Our simulations show qualitatively similar behavior in that n 3 at the motor periodically changes signs, while there is little variation in f 3 at the motor (see Fig. 10 (b) and [17, Fig. 5] ).
The twist energy barrier to switch helical forms is crucial for the chirality change in Hotani's experiment and also for the tumble phase during locomotion. Coombs et al. [41] analyzed the symmetric double-well twist energy in [19] and found that the critical velocity U * at which chirality changes in Hotani's experiment is related to the twist energy barrier H by
The coefficient σ measures the local drag due to the fluid derived from resistive-force theory [41, 53] and is given by where ζ || is the drag coefficient parallel to the filament and is proportional to fluid viscosity.
Note that Eq. (31) implies that the critical velocity is inversely proportional to fluid viscosity when all other parameters are held fixed, which we observe in Fig. 10(a) for an asymmetric twist energy. We also observe this relationship in the symmetric case (data not shown).
The height of the energy barrier in our double-well twist energy for the symmetric case
Together with Eqs. (4)- (5) for the helical radius and pitch, we find the critical flow velocity follows Both axes are plotted on a log scale. low, the critical velocity remains high. When τ > 2.5, the helical radius decreases and the filament straightens out and cannot generate enough torque, and thus we do not observe a handedness change even for very high flow velocities.
IV. SUMMARY AND CONCLUSIONS
This paper presents a fluid-structure interaction model of a bacterial flagellum capable of polymorphic transformation. The structural properties of the flagellum are described by the Kirchhoff rod theory that incorporates two stable helical configurations of opposite handedness. The flagellum is coupled to the fluid through a regularized stokeslet and rotlet formulation. We performed numerical simulations that are motivated by experiments in which polymorphic transformations are observed. Two mechanisms causing shape transitions were considered: a motor-driven flagellum and a flagellum under a steady viscous fluid flow.
In our motor-driven simulations, we showed that a reversal in the motor rotation can initiate a polymorphic transformation of the flagellar filament between different helical shapes. Our model assumes the hook to be intrinsically straight and its length to be fixed at 60 nm.
Although the hook is actually curved and can have different lengths, we found that the hook curvature has little effect on the dynamics of a flagellum. We have shown that a bistable helical filament implemented with a double-well energy functional induces polymorphic transformations by switching the direction of motor rotation from CCW to CW or vice versa, resulting in reversible transformations. Previous studies of rotating helices show that the bundling of flagella and the direction of fluid pumping depends on the direction of motor rotation and the chirality of the helices [38, 39] . It is reported that the only combinations that push the cell forward, or pump the fluid away from the cell body, are that when the flagellar filament is either the left-handed helix with its motor turning CCW or the righthanded helix with its motor turning CW. Hence one immediate advantage of a bistable helix is that flagella can unbundle while continuing to drive fluid away from the cell body. This in turn will allow a bacterium to disband its superflagellum while continuing to swim in a forward direction. Although two monostable left-handed helices can unbundle when rotating in opposite directions, the helices would push fluid in opposing directions [38] . As shown in Fig. 4 , the fluid is driven away from the motor for the majority of the transformation period. Furthermore, our simulations show that the speed at which the kink propagates along filament is proportional to the motor rotation frequency but decreases logarithmically with fluid viscosity. Hence the rapid rotary motor (∼ 100 Hz) of an E. coli bacterium enables the cell to quickly tumble and begin a new run.
In the case of a single flagellum in a steady viscous flow, we simulated the filament dynamics subject to a viscous flow when one end of the filament is tethered in place and showed that a sufficiently large flow velocity can produce a periodic transformation of helical flagella that is consistent with experiments performed by Hotani [17] . The passing fluid applies torque to the filament and torsion builds up until the filament flips the handedness to release it, resulting in the kink propagation from the fixed end to the free end. It is intriguing to see that the constant kink speed changes suddenly to infinite speed when the kink reaches the free end zone. As observed in experiments by Hotani [17] , we also observed that the portion of the filament that has not yet changed handedness tends to rotate as the kink propagates, whereas the filament portion below the kink has a tendency to remain motionless. The filament rotates CCW as the chirality changes from left to right, and rotates CW as it changes from right to left. Moreover, having an asymmetric twist energy (τ 1 = −τ 2 ) causes different CW and CCW rotation speed. Finally, we studied the critical flow velocity required for chirality change for various cases. We found that the minimum velocity required for transformations to occur is inversely proportional to fluid viscosity and therefore highly viscous fluids (such as methylcellulose used by Hotani) require low flow velocities (≈ 4 µm/s).
Furthermore, we examined the case of a symmetric double-well twist energy and found that for an intermediate range of intrinsic torsion values (2 ≤ τ ≤ 2.5) our simulations agree with the analysis in [41] .
Future work includes simulating the bundling and unbundling behavior of two or more bistable flagella. This will be an extension of [38] , in which the two flagella that were considered each had only a single stable helical configuration. Simulating multiple bistable flagella can provide insight into the advantage bistable helices have over monostable helices.
Another topic to consider in future investigation is the role of the hook in bacterial motility.
Recent experiments show that lower hook compliance makes it more difficult for flagella to bundle [54] . Furthermore, a modeling study of a monotrichous bacterium by Shum and Gaffney [55] shows that the hook's length and rigidity considerably affects swimming motion.
Taking into account various properties of the hook, such as length and stiffness, and their role in flagellar bundling is an interesting topic for further study. as shown in Fig. 12 .
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